This paper describes the operation of a high quality factor gyroscope in various regimes where electromechanical nonlinearities introduce different forms of amplitude-frequency (A-f ) dependence. Experiments are conducted using an epitaxially-encapsulated 2 × 2 mm 2 quad-mass gyroscope (QMG) with a quality factor of 85 000. The device exhibits thirdorder Duffing nonlinearity at low bias voltages (15 V) due to the mechanical nonlinearity in the flexures and at high bias voltages (35 V) due to third-order electrostatic nonlinearity. At intermediate voltages (~26 V), these third-order nonlinearities cancel and the amplitudefrequency dependence is greatly reduced. A model is developed to demonstrate the connection between the electromechanical nonlinearities and the amplitude-frequency dependence, also known as the backbone curve. Gyroscope operation is demonstrated in each nonlinear operating regime and the key performance measures of the gyroscope's performance, angle random walk (ARW) and bias instability, are measured as a function of drive-mode vibration amplitude. We find that low ARW can be achieved even though the gyroscope's drive mode exhibits large amplitude-frequency dependence, and that bias instability is largely independent of the operating regime.
Introduction
The principle of the vibratory gyroscope is Coriolis acceleration coupling between two resonant modes of a vibratory structure. When one mode is driven at its resonance, and a rotation rate is applied, the Coriolis force induced on the second mode provides a measure of the rotation rate [1] [2] [3] . The gyroscope's sensitivity to Coriolis force is proportional to the vibration amplitude of the driven mode and to the quality factor of the sensing mode. However, high quality factor resonators are highly sensitive to nonlinearities occurring at large vibration amplitudes [4] [5] [6] , such as nonlinear stiffness. This nonlinearity affects the resonator's properties, where the peak of the frequency response shifts depending on the oscillation amplitude [7, 8] , a phenomenon called amplitudefrequency (A-f ) dependence. Nonlinear stiffness can have both mechanical and electrical origin [9] [10] [11] . Mechanical tensile stiffening of the flexures is known to produce a springhardening nonlinearity [5, 12] , increasing the drive mode's resonance frequency at large amplitudes. Conversely, electrostatic nonlinearity created by parallel-plate electrodes is associated with a spring-softening nonlinearity [5] , decreasing the resonance frequency. The combination of both nonlinearities creates a mixed frequency response characteristic [7, [13] [14] [15] [16] . Because electrostatic nonlinearity is voltage dependent and mechanical nonlinearity is voltage independent, one can find an optimum voltage [13, 15] at which the electrostatic and mechanical 3rd order stiffness nonlinearities (also known as Duffing nonlinearity) effectively cancel each other. Around this optimum voltage, the A-f dependence is greatly decreased and the gyroscope's driven mode behaves linearly at much larger amplitudes.
In this paper, we present a quad mass gyroscope (QMG) previously reported in [4, 17] , and illustrated in figure 1. Because of a combination of mechanical spring-hardening and electrostatic spring-softening, this resonator illustrates different nonlinear frequency response characteristics at different bias voltages. At large amplitudes, the frequency response characteristic exhibits bifurcations: above the bifurcation threshold the gyroscope's oscillation amplitude (and therefore scale-factor) can exhibit multiple solutions. Here, we explore the consequences of operating the QMG in various nonlinear regimes. A closed-loop amplitude controller based on a phase-locked loop (PLL) enables the QMG to operate stably at large amplitudes well above the bifurcation threshold, while the sense axis is operated closed-loop using force-rebalance. Surprisingly, we find that the gyroscope's performance, quantified using angle-random walk (ARW) and bias instability, is largely independent of the A-f characteristic and that good performance is achieved at operating points well above the bifurcation threshold.
Device
In this section, we begin by introducing the device and its parameters. Then we present experimental measurements of the gyroscope's frequency response at various bias points to illustrate the general nonlinear behavior of the drive mode. Later in the paper, we develop a model to explain this behavior and verify the model using experimental measurements.
Design
Relative to the earlier QMG which measured 8 × 8 mm 2 [18, 19] , the device presented in this paper is 16 times smaller in area and is vacuum-sealed at the wafer-level using the episeal process [20] . The resonator is formed from a 40 µm thick single-crystal silicon layer, encapsulated at a low pressure (1 Pa) by an epitaxial silicon layer in order to achieve high Q (85 000). The epi-seal encapsulation process was proposed by researchers at the Robert Bosch Research and Technology Center in Palo Alto and then demonstrated in a close collaboration with Stanford University. This collaboration is continuing to develop improvements and extensions to this process for many applications, while the baseline process has been brought into commercial production by SiTime Inc. The QMG, illustrated in figure 1 , has four proof-masses, each with four frames having parallel-plate electrodes for electrostatic drive, capacitive sense, and frequency tuning, as illustrated in figure 1(b) . All the electrodes have the same area and capacitive gaps. The proof-masses are coupled through flexures and levers, as shown in figure 1(b) . The parameters of the design are summarized in table 1. The nominal resonant frequency of the QMG's two modes, figure 1(c), is 21.35 kHz. Each mode has a modal mass of m = 123 µg and a modal stiffness of 2300 N m −1 . In the QMG used in experiments, the initial fabricated frequency mismatch between these modes is 80 Hz. Figure 2 shows a block diagram of the QMG operation and a simplified free-body diagram of the drive axis. For each mode, two electrodes are used for driving, two electrodes are used for differential sensing and four electrodes are used for frequency tuning as illustrated in figure 2(a), resulting in a total of eight electrodes for each mode. The X mode is driven from masses 1 and 4, while the Y mode is driven from masses 2 and 3. Figure 2 (b) illustrates a simplified lumped-element model of the drive mode of the QMG for a better understanding of the drive mode's electromechanical dynamics. In the figure, the four proof-masses are simplified as one flexure-supported proof-mass acted on by electrostatic and mechanical forces. Motion is driven using two drive electrodes (DX) and sensed using differential sense electrodes (SX+ and SX−). A dc voltage applied to the other four (TX) electrodes is used to electrostatically tune the mode's vibration frequency. This simplified lumped-element model will later help to derive the equations of motion of the resonator.
The parallel-plate sense, drive, and frequency tuning capacitors introduce electrostatic nonlinearity to the resonator and the clamped-roller beam design of the resonator's flexures introduces mechanical nonlinearity due to displacementdependent axial tension in the beams. The combination of high quality factor and low resonance frequency results in low open-loop bandwidth ( f n /2Q = 0.125 Hz), making the resonator sensitive to these nonlinearities. The existence of both mechanical and electrostatic nonlinearities, along with the voltage dependency of the electrostatic nonlinearity creates a mixed nonlinear behavior that is bias voltage dependent. In the following sections of the paper, the nonlinear behavior of the resonator is first thoroughly studied and modeled. Then, experimental measurements of the gyroscope's behavior at various bias voltage points are presented and compared to the model's predictions.
Measurement of large amplitude nonlinearity
The drive mode's frequency response characteristic was measured at various bias voltages to characterize the effects of different nonlinearities. The block diagram of the measurement setup is illustrated in figure 2(a). Measurements were performed with the QMG mounted on a PCB. A small AC signal was applied to the DX and a large DC bias voltage was applied to the proof-masses (smaller than static pull-in voltage which is ~50 V). The PLL, IQ demodulator, and modulator were implemented using a digital lock-in amplifier (Zurich Instruments HF2LI).
Frequency response measurements were conducted at four different bias voltages selected to exhibit different nonlinear behavior. The differential sensing scheme and high Q-factor resulted in a negligible amount of capacitive feedthrough, and the measured response, shown in figure 3, clearly shows the device's resonance behavior. Note that at large amplitudes, each of the curves exhibits multiple amplitude branches, some of which are open-loop unstable [6] . The response at each branch was measured by locking the PLL to the specific phase of oscillation corresponding to the desired amplitude branch, a technique which allows stable oscillation to be achieved at all branches [21, 22] .
At the lowest and highest bias voltages (15 V and 35 V), the response follows the well-studied Duffing behavior due to 3rd order nonlinearity. In the low-voltage regime (15 V), the 3rd order nonlinearity is due to the intrinsic mechanical nonlinearity of the flexures, while in the high-voltage regime (35 V), the parallel-plate electrostatic nonlinearity dominates. At these two bias voltages, the A-f dependence follows a quadratic function known as the Duffing back-bone curve. Because the mechanical and electrostatic nonlinearities have opposite sign, the backbone is curved in opposite directions. The A-f dependence is very pronounced at these voltages, with the resonant frequency shifting by 600 times the resonance's 250 mHz full-width-at-half-maximum (FWHM) bandwidth when the resonator was driven to an amplitude equal to 36% of the 1.5 µm capacitive gap. Similarly, the linear operating range where the resonant peak exhibits the expected Lorentzian shape is limited to a very small amplitude of only 0.5% of the gap. By adjusting the bias voltage between these two extremes, it is possible to compensate for the mechanical nonlinearity using the electrostatic nonlinearity [13, 15] . The mechanical nonlinearity is nearly entirely 3rd order while the electrostatic nonlinearity contains a number of higher-order terms. At 26 V, the 3rd order electrostatic term partially cancels the mechanical nonlinearity and the response exhibits springhardening at small amplitudes and spring-softening at large amplitudes, a phenomenon caused by the remaining higherorder electrostatic nonlinearities and known as an 'S' curve [14, 16] . Increasing the bias voltage to 27 V results in a very different response characteristic that is dominated primarily by higher order electrostatic nonlinearity. In this regime, the A-f dependence is large (at large amplitude, the peak shifts by 40 times the FWHM bandwidth), but, unlike the tests at 15 V and 35 V, linear behavior is observed at much greater amplitudes (>8% of the gap) and the curve does not follow the Duffing backbone.
Large amplitude nonlinear dynamic model
In this section the nonlinear behavior of the resonator is modeled and explained and nonlinear dynamics of the resonator is studied.
The resonator's nonlinear behavior can be modeled by including polynomial mechanical stiffness terms in the equation of motion:
where m is the modal mass of the resonator, c is the damping coefficient, i is the index of the polynomial stiffness terms,
and F e is the electrostatic force applied to the resonator. The first stiffness term, k 1 corresponds to the linear stiffness of the resonator, with the small-amplitude natural frequency defined as
. Similarly, the quality factor is defined as
n . The rotating wave approximation method, with an input frequency close to the natural frequency of the resonator, is used to solve the general equation of motion (1). The higher harmonics (2ω, 3ω …) are ignored, as the AC voltage is less than 0.06% of the DC bias voltage in all the experiments. The resulting solution is:
where X is a complex number ( = − j 1) containing the amplitude and phase of oscillation. Δω is the frequency shift caused by all the nonlinear terms in equation (1), and is a function of the amplitude of oscillation. F and µ are respectively the effective forcing and damping terms. κ is an amplitude-dependent dimensionless factor. Based on this equation, the resonance occurs when ( ) ω ω ω − + ∆ = 0 n and the phase-shift at resonance is always −90°. While this equation can be formulated as two equations corresponding to the phase and amplitude of oscillation [6, 10, 23] , the form used here has the benefit of being able to independently provide insight into the effects of three different parameters (force, damping, and frequency) [24] . Alternative solution methods (e.g. the perturbation method) result in the same solution [6, 10, 23] .
Δω can be simplified to: where the constant σ (frequency tuning) is a voltage dependent parameter. Constants α (Duffing coefficient) and β (higher order nonlinear coefficient) are voltage dependent and also depend on the mechanical and electrostatic nonlinearity of the resonator. Formulas for these constants and for the constants in (2) are derived in the appendix. This approximation is valid for the device studied here; for other situations, one may need to use the parameters presented in equation (A.3) to provide a more precise solution.
Comparing model predictions to device behavior
In this section, the nonlinear behavior of the drive mode is compared to the model from the last section. First, the amplitude-frequency relationship at each bias voltage, also known as the backbone curve, was extracted from the frequency response measurements ( figure 3 ) and is plotted in figure 4 . The experimental values for α and β were extracted from the measured backbone curves in figure 4 by fitting the polynomial expression of equation (3) to these curves (σ, the amplitudeindependent shift in frequency due to changes in the bias voltage, creates an offset which is ignored). The extracted values are compared with the model's predictions in figure 5 . In this figure, α is almost zero at the optimum voltage of 27 V, showing an effective cancellation of Duffing-like nonlinearity in the resonator, which is in very good agreement with our model. Similarly, the extracted values for β illustrate a good agreement with the model, with a major contrib ution from nonlinear electrostatic force (equation (A.4) ). The resulting equations for α and β are: 
In this solution the effect of mechanical nonlinearity on β is ignored as it is three orders of magnitude smaller than the other term. Using the beam dimensions and capacitive gap as fitting parameters, the model was fit to the experimental data (in figure 4) . The extracted gap is 1.6 µm (100 nm larger than the design value summarized in table 1) and the extracted beam width is 2.8 µm (200 nm smaller than the design value).
The resonator's A-f dependence at different bias voltages is dominated by either α or β or a combination of these two parameters. This is illustrated in figure 6 , which shows the experimental frequency change Δf = (Δω − σ)/2π plotted in logarithmic scale as a function of vibration amplitude along with the Δf predicted from equation (A.4) including only the contribution of α or β. At 15 V and 35 V, α dominates and the measured frequency change follows the Duffing model of mechanical nonlinearity (15 V) and electrostatic nonlinearity (35 V) . At the 27 V optimum voltage, the measured data follows a line with a slope of 4, showing that β dominates. We observe that in this regime, the change in frequency Δf is less than 10% of the 250 mHz bandwidth of the resonator at an amplitude up to 120 nm (8% of the electrode gap), showing a large range of linear response at this voltage.
Impact of nonlinearity on gyroscope operation
In this section, we present the gyroscope performance of QMG under nonlinear behavior of the drive mode in force-torebalance mode. First the linearity of scale factor versus drive amplitude is studied for open-loop and closed-loop operation, and later the gyroscopes' ARW and bias instability is presented. This section will end with discussion on the effect of nonlinearity in ARW of the gyroscope.
Scale factor measurements
The scale-factor relates the input rotation rate Ω to the amplitude of the sense mode's vibration Y, and is given by:
2 . Note that the scale-factor depends on the vibration amplitude of the drive mode, X. In open-loop operation, the amplitude of Y is used to measure the input rotation rate. In closed-loop force-to-rebalance mode, the effort needed to null the in-phase component of Y provides the measure of Ω. Gyroscope performance was tested under four bias voltage conditions: (1) where the mechanical Duffing nonlinearity dominates; (2) where the 'S-curve' behavior occurs; (3) where the Duffing nonlinearity is cancelled; and (4) where the electrostatic Duffing nonlinearity dominates. The block diagram used for gyroscope experiments is shown in figure 7 . Mode-matching (reducing the difference between the two modes' frequencies to close to 0 Hz) in each bias condition was achieved using dc voltage applied to the tuning electrodes (TX) [4, [25] [26] [27] . One PI controller was used to control the amplitude of the drive mode. The quadrature component of the sense mode signal (Y q ) was nulled using a second PI controller [28] [29] [30] [31] . In open-loop rate mode, the in-phase component of the sense mode signal (Y i ) was directly used as a measure of the scale-factor. In closed-loop force-rebalanced mode, a third PI controller was used to null Y i and the output of this PI controller was used as the rate-sensing output [1, 32] .
Open-loop rate-sensing was conducted at optimum voltage with the drive mode vibration amplitude set to 7%, 16% and 25% of the capacitive gap. The open-loop frequency-response of the sense axis was measured using a rate table to apply a constant amplitude input (5°) with a swept frequency from 0.1 Hz to 1 Hz. The sense-axis frequency response, shown in figure 8(a) , is linear at each drive amplitude, and the scale-factor, shown in figure 8(b) , increases linearly in proportion to the drive mode's amplitude in each of the nonlinear operating regimes.
Because the QMG's high Q-factor results in a low (125 mHz) open-loop rate-sensing bandwidth, force-rebalanced operation [33, 34] was also characterized at each bias voltage. The closed-loop bandwidth, shown in figure 8(c) , was increased to 40 Hz, although the rate table's bandwidth limited experiments to a maximum input rate frequency of 5 Hz.
Impact of nonlinearity on gyroscope performance
The zero-rate output (ZRO) of the force-rebalanced gyroscope was measured for a duration of up to 24 h at each of the four selected bias voltages and three different drive mode ampl itudes. The Allan deviation of the ZRO for these measurements is illustrated in figure 9 and the results are summarized in table 2. In each case, the gyro's noise, as quantified by the ARW and bias instability, is reduced as the drive amplitude is increased. Surprisingly, the ARW, which is a measure of the white-noise of the gyro, is much lower at the bias voltages (i.e. 15 V and 35 V) where the A-f dependence is greatest, reaching a minimum value near 0.004°/s for both voltages. Note that the force-rebalanced ARW is greater than the openloop value reported in [4] because the force-rebalance loop contributes additional white noise. The bias instability, which is a measure of 1/f and 1/f 2 noise in the gyroscope, is relatively similar for each bias condition, although the averaging time to reach the minimum is greater at 26 V and 27 V because of the greater white noise present in these conditions.
Conclusion
While it is commonly stated that a gyroscope will suffer degraded performance when driven to large amplitudes where it exhibits nonlinear frequency response, we have demonstrated that increasing the drive mode's amplitude results in a proportionate reduction in ARW and bias instability, despite the fact that the resonator is operated at large amplitudes that are well above the critical bifurcation amplitude. The QMG demonstrated here has a large 3rd order mechanical nonlinearity and very large A-f dependence. At an optimum bias voltage, we were able to use electrostatic nonlinearity to null this 3rd order nonlinearity, resulting in a response where higher order nonlinearities begin to dominate. While the A-f dependence at this optimum bias voltage was much lower, we discovered that the white-noise of the gyro was increased by a factor of seven at this operating point. Mechanical nonlinearity arises from amplitude-dependent axial force [5, 12, 35] in the flexures, illustrated in figure 1(b) . Neglecting the folded-spring related nonlinearity [36] , the nonlinear stiffness of a clamped-roller flexure is determined by solving the nonlinear Euler-Bernouli equation, yielding a third-order stiffness coefficient [9, 23] :
An alternative method [5] to compute k 3 yields a value that is 50% lower than the above formula. In our experiments, the extracted value for k 3 falls in-between these two estimates. Higher-order mechanical terms are negligibly small in comparison to this 3rd order term.
Referring to the lumped-element model shown in figure 2(b) , the parallel-plate electrostatic force with an applied bias voltage V b and AC signal of V ac is given by: where ξ e1 = 2ξ e , ξ e2 = 4ξ e , ξ e3 = 2ξ e and ξ e = 0.5 A ε o . A is the electrode area, ε o is the vacuum permittivity, g is the electrode gap, and x is the displacement of the resonator. V ac is a harmonic voltage with frequency ω. The first term in the equation arises from the forcing electrodes (DX), the second term arises from the three TX and the positive sense electrode (SX+) at the top of the proof-mass, and the third term arises from the tuning electrode (TX) and the negative sense electrode (SX−) at the bottom of the proof-mass. The parameters in equation (2) can be formulated as: Note that the electrostatic nonlinearity not only causes frequency shift, but also introduces other effects such as amplitude dependence of the damping coefficient (µ), as explained in [10] . At resonance, A second source of nonlinearity at large amplitude results from the parallel-plate capacitive sense electrodes [37] . While the nonlinear dependence of parallel-plate capacitance on displacement is often neglected, it is not negligible at the large amplitudes studied here. For differential capacitive sensing electrodes, the total current measured is the difference of the currents from two sense electrodes: where i + (t) and i − (t) are the currents measured at the positive and negative differential sensing electrodes. Because the two electrodes are not coupled, i + (t) and i − (t) should be solved in two different equations: The first term in the equation corresponds to the standard sensing equation of a parallel plate capacitor, while the second term reflects the nonlinearity in the sensing current.
Referring to the measured voltage-displacement curve ( figure A1 ) the apparent voltage-displacement nonlinearity is 10% at large amplitudes. When the data are corrected using current-displacement relationship from equation (A.9), the response is nearly linear, with only a small residual error due to nonlinear amplitude-dependent damping, equation (A.3) . Figure A1 . The effect of the capacitive nonlinearity on the measured displacement. The blue dashed line represents the ideal linear case. The black line presents the displacement that is calculated based on the current measured at the sense electrodes, while the red line shows the displacement corrected by the nonlinear capacitance-displacement relationship. The residual nonlinearity of the red line is due to nonlinear damping.
